Derivation of the CRLB

Probability distribution
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We assume a continues, mono-exponential probability distribution p with a constant background.
The probability distribution is normalised over the range 0 to T. Therefore, the expectation value is
given by np.
The following variables are used:
t: time
T: fluorescence lifetime
T: pulse repetition period/measurement window
b: background fraction (b = 0, no background; b = 1 only background)
n: number of photons in decay
pAssumptions = {t2>20, T>0,t>0,1>b20,n>0, x>0, {t, T, t, b, n, x} € Reals};
p = FullSimplify[(1-b) *
PDF [ExponentialDistribution[1/c], t] /CDF [ExponentialDistribution[1 /], T] +
b/T, pAssumptions, ExcludedForms -» {Exp[_] }]
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CRLB for a known background

In this case only the lifetime needs to be estimated (0 = {1}) and the Fisher matrix f has just one
entry.
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In[4]:=

frt = Integrate[ (0. Log[n*p])*>* (nxp), {t, @, T}, Assumptions - pAssumptions|

Outf4]= —((n (bT3+eT/IT3—beT/tT3+2bT2tfzbeT/tTZt—Tt2+2bTtz+2eT/tT1274beT“Tt2—

In[5]:=

e Tr?+2be: T2 +bT?rLog|(b(-1+e”") ) /(T-bT+b (-1+e"") )] -
2beT/tT2tLOg[(b(—1+eT/t) )/(T—bT+b(—1+eT/t>tH+

be thLog[(b(—lﬂeT/t) t)/(T-bT+b (-1+e"") )] -

bTZtLOg[ T/e (T—bT+b(—1+eT/t) t)]—ZthzLog[eT/I (T—bT+b(—1+eT/t>tH+
2b<eT/tTt2Log[<eT/t (T—bT+b( 1+<eT/t>tH—

b’ Log[e”" (T-bT+b (-1+e"") )] +2be”" ?Log[e" " (T-bT+b (-1+e"7) )] -

b<e§7:3Log[<eT/t (T-bT+b (-1+e™") )]+
2bT?cLog|[ (T-bT+b (-1+e"") ) /(b (-
2be” T2 rLog[(T-bT+b (-1+e"") 1)
2bTr?Log|[ (T-bT+b (-1+e"") ) /(b (-
4beT/tthLog[(T—bT+b(—1+<eT/t>t)

2be: T2 Log[(T-bT+b (-1+e”") ) / (b (—1+<eT/t>tH+
sztLOg[ brt+e'r® (T—bTert)]+2thZLOg[—b7:+ceT/t (T—bT+bt)]—
2be”"Tr?Log[-br+e”" (T-bT+br)|+br’Log[-br+e”" (T-bT+bt)]-

2beT/tt3Log[ bt+e™r® (T bTert)]erce%fLog{—btJrceT/t (T—bT+thf
2b (-1+e"") 2 (T+r-e" ) Polylog[2, ((-1+b) e T) /(b (-1+e"") )]+
2b (-1+e"") o (e'/F (T-1) + ) PolylLog[2, (T-bT) /(br-be™ )] -

2b 3 PolyLog[B, ((—1+b) eT/tT> / (b (—1+eT/[) t)] +

4beT/t > Polylog([3, ((-1+b)e™*T) /(b (-1+e"") )] -

Zbe 3PolyLog[ ((—1+b) eT/tT)/(b<—1+eT/t) t)]+

2b *Polylog[3, (T-bT)/(br-be )] -

4be'" t>Polylog(3, (T-bT) /(br-be™"c)]+

2be: o3 3 Polylog|3, (T—bT)/(bt—beT/ttH])/((—1+eT/t)2Tt4)]

Mathematica needs some help with the simplification : We need to reduce all Log expressions and
collect the 1to enable cancelling them.
For efficient numerical evaluation, Powers are expanded again to avoid errors by to large argu-
ments in the Log. The terms with PolyLog are grouped to minimise calls to PolyLog.
SimplifyCRLB[exprs_] := Assuming [pAssumptions,
Simplify |
Simplify[exprs //. {Log[a_] +Log[b_] :» Log[a*b], x_=Log[a_] =» Log[a"X],
a_xt+b_%t» (a+b) xt}] (+ Cancel t in the log terms =)
//. {Logla_xb_~x_] > Log[a] + X » Log[b],
a_=xPolylLog[x_, c_] +b_=«PolyLog[x_, c_] =» (a+b) »PolyLog[x, c]}]
(* Optimise for numerical evaluation =x)

]

We substitute the repetition period with a relative repetition period: x =T/t

The CRLB (g?) is given the inverse Fisher matrix:
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inel= oTtSQ = SimplifyCRLB[l/'Ftt //. {T>x t}]

outfe]= —(((—1+ex)212)()/
(n (—X+2bx+Zexx—4bex)(—eZXXJereZXXJerX “2be*x?+bxP+e X} -beX -
2b(-1+e*) (-1+e*-x) x (Log[b] +Log[-1+e*] -Log[b (-1+e*-x) +x])+
b( 1+e><)2 2(Log{ ( 1+<eX)]—Log[b (—1+eX—X)+X])—

( —eX+X) Log[( (b (- 1+<eX—X)+X)>/( b+ eX (b+x—bx))]+
b(-1+e) (1+e* (-1+x)) PolyLog[2, ((-1+b)x) /(b (-1+e¥))]+
b(-1+e) (-1+e*-x) PolyLog[2, ((-1+b) e x) /(b (-1+e))]~
(1+eX)2PolyLog[ ((-1+b)x) /(b (-1+e"))] -
b(-1+e) /(b (-1+)])))

1+e*)?PolyLog[3, ((-1+b) e x)

3

(-
(b
Limit for zero background:

n7)= Assuming [pAssumptions, FullSimplify[1/Limit[1/0tSQ, b~ @, Direction - "FromAbove"]]]
(» The limits of 1/01:SQ are somehow much faster to compute. x)

Limit: Warning: Assumptions that involve the limit variable are ignored.
our= - ((2t? (~1+Cosh[x])) / (n (2+x*-2Cosh[x])))
Limit for infinite pulse period:
In(g]:= 1/Limit [1/atSQ, X - o, Assumptions —» pAssumptions, Direction -» "FromBelow"]

. Limit: Warning: Assumptions that involve the limit variable are ignored.

out[s]= tz/ (n -b n)

CRLB for an unknown background

Now lifetime and background need to be estimated (6 ={1,b}). The Fisher matrix has the form

£= (k)

Calculate fy, and fyp, and assemble Fisher matrix.
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ne= frb =
Integrate[ (8. Log[n*p]) * (8p Log[nxp]) = (nxp), {t, 0, T}, Assumptions » pAssumptions]

outfg}= 7((n (ZTz—bT2+beT/tT2+2Tt—2<eT/tTt—2TtLog[teT/t (T-bT+b (-1+e”) )] -

+2e'/" ? Log[e"" (T-bT+b (-1+e"r) 7:” +

27:2Log[<eT/t <T bT+b<—1+e )t)]
ik )]

2Tclog[(T-bT+b (-1+e"") ) /(
2bTrlog[(T-bT+b (-1+e”") )/
2" Trlog[(T-bT+b (-1+€"7) r)
2be”"Trlog[(T-bT+b (-1+e"")
2bTrlog[l- (b (-1+e'") )/((71
Log[1- (b (-1+e") ) /((-1+b) T
27:2L0g[—b7:+<eT/t (T bT+bt)] 2e'/" 2Log[ b7:+<eT/t (T—bT+bt)]+
2 (-1+b) (-1+e"") > Polylog[2, ((-1+b)e"*T) /(b (-1+e"") )] -
2b (-1+e"7) 2 Polylog[2, (b (-1+e”") ) /((-1+b) T)]-

(
e’jf) t)/(T—bT)J] ;
l-e ) } (

2b t? PolyLog|2, - ( [b (1

2be’'* 2 Polylog|2, - ((b (

- z/ T—bT))}-zzZ

Polylog[2, (T-bT) /(br-be” )] +2bc?PolyLog|2, (T-bT)/(br-be'' )]+
2e"F 2 Polylog[2, (T-bT) /(br-be™ )] -

2bel/T tzPolyLOg[Z, (beT)/<btfb<ET/t t>]])/ (2 (*1+b) <*1+‘ET/I) TIZ>J

- fbb = Integrate[ (8, Log[np]l)?* (nxp), {t, @, T}, Assumptions —» pAssumptions]

oo (n (T-bT+7log[T-bT+b (-1+e”") ] -rlog[-br+e”" (T-bT+br)]))/((-1+b)’bT)

n= = {{ftt, ftb}, {ftb, fbb}};
The CRLB (g?) is given the first diagonal element of the inverse Fisher matrix:
nf2= otSQ = SimplifyCRLB[First@First@Inverse[f //. {T-> xt}]]

out[12]= —((4(—1+<e’<>212x(X—bx+Log[b<—1+eX—X)+X]—Log[ b+ e* (b+x bx>]))/
(n (b(ZX—ZeXX+2x2—bx2+beXX2—2b(—1+<eX)XLog[1—( (1+ex))/((
2 (-1+b) (-1+e) x (Log[b] +Log[-1+e*] - Log[b (-1+e*-x) +x])+
2(—1+eX—X> Log[(ex (b(—1+<eX—X)+X))/(—b+eX (b+x bx)H
2b (-1+e*) Polylog[2, (b (-1+eX)) /((-1+b)x)]-
2 (-1+b) (-1+e) PolyLog[2, ((-1+b)x) /(b (-1+e¥))]+
2 (-1+b) (-1+e) Polylog[2, ((-1+b) e x) /(b (-1+e*))]+
2b (-1+e¥) PolyLog[Z,—((b—be’x>/(x—bx))])2+
4(X—bx+Log[b(—1+<eX—X) }—Log[ b+ e* <b+X bx”)
(—X+2bx+2<exx—4bex —e*Xx+2be?Xx+2bx?-2beX 2 +bxP+eX P -beX X3 -
2b(—1+eX) (—1+eX—X)X<Log[ ] +Llog[-1+e ] -Log[b (-1+e*-x) +x])+
b( 1+e)%x* (Log[b (-1+e*)] -Log[b (-1+e*-x) +x]) -
( - v x) Log[ (X (b (-1+e -x) +x]) /(-bre* (brx-bx))]+
( 1+eX) (1+<eX< 1+X)>PolyLog[ , (( 1+ ) )/(b(—1+eX>H+
b(-1+e) (-1+e*-x) PolyLog[2, ((-1+b) e x)/(b(-1+e))]+
b (- 1+eX>2PolyLog[ ((-1+b) )/(b( 1+e))] -
b (-1+e*)?PolyLog[3, ((-1+b) e x) /(b (- 1+<eX))])))>

1+b)x)] -
)+

Limit for zero background:
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Assuming[pAssumptions, Fullsimplify[l/Limit [1/ctSQ, b- @, Direction - "FromAbove"]]]
(» The limits of 1/01:SQ are somehow much faster to compute. )

Limit: Warning: Assumptions that involve the limit variable are ignored.
(4% (2+x*-2Cosh[x]) sinh[x /2]) /
(n(-4xCosh|[x /2] + (12+12x%+ x*) Sinh[x /2| -4Sinh[ (3x) /2]))
Limit for infinite pulse period:
1/Limit[1/0tSQ, x - ®, Assumptions - pAssumptions, Direction - "FromBelow"
Limit: Warning: Assumptions that involve the limit variable are ignored.

t2

n-bn

Independence of CRLB of randbon N

To demonstrate that the CRLB of Tand b are independent of the uncertainty of the number of

ftr ftb er
photons N, we evaluate the full (6 = {1,b,N}) Fisher matrix f = [frb Fob  Fon ] and show that the

.f'l:N be .fNN
off-diagonal entries with N, i.e. f;y and f,y are zero.

fN =
Integrate[ (0. Log[n xp]) * (dn Log[n+p]) * (nxp), {t, 0, T}, Assumptions - pAssumptions]

0

fbN =
Integrate[ (8p Log[n *p]) * (8, Log[nxp]) * (n*xp), {t, @, T}, Assumptions - pAssumptions]

0
For a infinite pulse period, all diagonal entries vanish:
Limit[fzb, T - ©, Assumptions -» pAssumptions, Direction - "FromBelow"]

Limit: Warning: Assumptions that involve the limit variable are ignored.

0



6 | CRLB_supplement.nb

CRLB of the background estimation
nte}= obSQ = SimplifyCRLB[Last@Last@Inverse[f //. {T-> xt}]]

4(—1+b>2X —x+2bx+2eXx-4AbeXx-e? X x+2be*X x+2bx?-2beX x> +b x> +eX 3 -

Out[18]=

b e~ 3—2b(—1+eX> (—1+eX—X)X(Log[b]+Log[—1+eX]—Log[b(—1+ex—x>+X]>+
b(—1+eX)2X2(Log[b(—lwex)]—Log[b (—1+eX—X)+X])—

eX (b(—1+<e’<—)()+>()
—b+eX<b+X—bx> }

b(l—eX+X)2Log{ +2b<—1+eX) (1+eX(—1+X>)

-1+b ~1+b) e
PolyLog|2, u +2b (-1+e*) (-1+e*-x) PolyLog|2, w
o (-1+e) o -1+ o]
-1+b ~1+b) eX
2b (-1+e*)?Polylog|3, u]_zb(_hex)zpolymg[% (-1+b)ex /
b(71+eX> b(—1+eX>
b (-1+eX
n 2X—2‘EXX+2X2—bX2+beXX2—2b(—1+eX>XLog[1_& B
(—1+b>X

2 (—1+b) (—1+<eX) X (Log[b] +Log[-1+e"] —Log[b (—1+eX—X) +X]) +

X (b (-1+eX- b(-1+e
2 (-1+e*-x) Log[e (b(1-er-x) +X>]72b(fl+<ex> PolyLog|2, & -
-b+e” (b+X—bX) (—1+b>x
2 (-1+b) (-1+e*) PolyLog|2 7(_1”)))(} 2 (-1+b) (-1+e¥)
-1+ -l+e , + -1+ -l+e
b<—1+<eX)
_14+b) X b oax 12
Polylog|2, w}+2b(—1+ex) PolyLog[z,—b beX] +
b(71+<EX> x-bx

i4((—1+b>x—Log[b (—1+eX—X) +X] +Log[—b+ex (b+x—bx>”

x-2bx-2ex+4be x+e? X x-2be*X x-2bx?+2beXx?-bx*-eXx3+beX X3+

2b (-1+e*) (-1+e-x) x (Log[b] +Log[-1+e*] -Log[b (-1+e*-x) +x]) -

b (71+eX)2X2 (Log[b (*1“‘5)(” - Log|b (-1+e*-x) +X]) +

e (b (—1+eX—X) +X>
-b+eX (b+x—bx)

b (1-e*+x)?Log| |-2b(-1+e¥) (1+e (-1+x))

-1+b ~1+b) e
Polylog|2, u} -2b (-1+e*) (-1+e*-x) Polylog|2, (1xb)ex X} -
b<—1+eX> b(—1+<eX)
-1+b ~14+b) e
2b (—1+<eX)2PolyLog[3, M +2b <_1+ex)2p01y|_og{3, w
b<—1+eX) b<71+ex)

Limit for zero background:
niier- Assuming [ pAssumptions, Fullsimplify[l/Limit [1/chQ, b @, Direction - "FromAbove"]]]
. Limit: Warning: Assumptions that involve the limit variable are ignored.
2x% (2+x*-2Cosh[x])
n (12 +12 x2 + x4 - (16 +12 x2? +x“) Cosh[x] +4Cosh[2 x] +4 x3Sinh[x] )

Out[19]= —

Limit for infinite pulse period:
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ineop= Limit [obSQ, {x -» «}, Assumptions - pAssumptions]

Limit: Warning: Assumptions that involve the limit variable are ignored.

(—1 + b) b
out0)z - ——————
n



